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Optimal Anticodes, Diameter Perfect Codes,
Chains and Weights
L. Panek and N. M. P. Panek
∗†
Abstract
Let P = ([n],≤P ) be a poset on [n] = {1, 2, . . . , n}, F
n
q be the linear space
of n-tuples over a finite field Fq and w be a weight on Fq. In this paper
we consider metrics on Fnq which are induced by chain orders P over [n] and
weights w over Fq. Such family of metrics extend the Niederreiter-Rosenbloom-
Tsfasman metrics (when the weight is the Hamming weight). We determine
the cardinality and completely classify all optimal anticodes and determine all
diameter perfect codes for some instances on these spaces.
Key words: poset metric, pomset metric, NRT metric, perfect code, MDS
code, anticode, diameter perfect code.
1 Introduction
Classically, coding theory takes place in linear spaces over finite fields, or modules
over rings, endowed with a metric, e.g, the linear space Fnq of all n-tuples over a finite
field Fq endowed with the Hamming metric or the module Z
n
m of all n-tuples over a
ring Zm endowed with the Lee metric.
In a given metric space, codes which attain the sphere-packing bound are called
perfect and a possible general setting for the existence problem of perfect codes is
the class of distance regular graphs1, introduced by Biggs (see [2]), that include the
nearly ubiquitous Hamming metric spaces (also called Hamming graphs).
The Johnson graphs and the Grassman graphs are another examples of distance
regular graphs (see [3]). For the Hamming graphs over Fq there are no nontrivial
perfect codes except for the codes having the parameters of the Hamming codes and
the two Golay codes. Martin and Shu [14] showed that there is no nontrivial perfect
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Paraná, Foz do Iguaçu, Paraná, Brazil (e-mail: luciano.panek@unioeste.br).
†Nayene Michele Paião Panek is with the Center of Exact Sciences and Engineering, State
University of West Paraná, Foz do Iguaçu, Paraná, Brazil (e-mail: nayene.paiao@unioeste.br).
1A connected graph Γ is called distance regular graph if there are integers bi, ci such that for
any two points x, y ∈ Γ at distance i = dΓ(x, y), there are precisely ci neighbours z of y such that
dΓ(z, x) = i− 1 and bi neighbours w of y such that dΓ(w, x) = i+ 1.
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code in the Grassman graphs. The determination of all perfect codes is an open
problem for Johnson graphs. It was conjectured by Delsarte in 1970’s that there are
no nontrivial perfect codes in Johnson graphs (see [5]). See [8] and the references
therein for progress towards proving the conjecture of Delsarte.
In his pioneer work [5] Delsarte also proved the following result.
Theorem 1 (Delsarte) Let Γ = (V,E) be a distance regular graph. Let X and Y
be subsets of V such that the nonzero distances occurring between vertices of X do
not occur between vertices of Y . Then
|X| · |Y | ≤ |V |.
Ahlswede, Aydinian and Khachatrian in [1] gave the definition of diameter perfect
code. They examined a variant of Theorem 1. Let Γ = (V,E) be a distance regular
graph. A subset A of V is called an anticode with diameter δ if δ is the maximum
graph distance occuring between vertices of A. Anticodes with diameter δ having
maximal size are called optimal anticodes. If A is an anticode in Γ, denote by
diamdΓ(A) the diameter of A. Now let
A∗dΓ(D) := max{|A| : diamdΓ(A) ≤ D}.
Theorem 2 Let Γ = (V,E) be a distance regular graph. If C is a code in Γ with
minimum distance D + 1, then
A∗dΓ(D) · |C| ≤ |V |. (1)
Ahlswede et al. continued with the following new definition. A code C with
minimum distance D + 1 is called diameter perfect if inequality in (1) holds with
equality. This is a generalization of the usual definition of e-perfect code as e-balls
are anticodes with diameter 2e.
In Hamming graphs, in addition to the Hamming and Golay codes, the extended
Hamming and extended Golay codes are diameter perfect, as well as all MDS codes.
In the Johnson graph no nontrivial e-perfect codes are known, but all Steiner systems
are diameter perfect codes. Nontrivial diameter perfect codes are also known in the
Grassman graph. For more details, see [1].
Another possible general setting for the existence problem of perfect and diameter
perfect codes is the class of weighted coordinates poset metric spaces, introduced
by Panek and Pinheiro in [16], that include any additive metric space (e.g, the
Hamming and Lee metric spaces), as well as the poset metric spaces and the pomset
metric spaces. As we will see, the class of these spaces is distinct to the class of the
distance regular graph metric spaces.
The poset metric spaces were introduced by Brualdi, Graves and Lawrence in
[4]. These metrics throws a new light into many of the classical invariants of coding
theory (such as minimum distance, packing and covering radius) and many of its
basic results (concerning perfect and MDS codes, MacWilliams’ identity, syndrome
decoding and so on) with several works published over the years, in such a way that
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it contributes to a better understanding of these invariants and properties when
considering the classical Hamming metric. As a unified reading we cite the book of
Firer et al. [9].
The pomset metric spaces were recently introduced by Sudha and Selvaraj in
[19] as a variation of poset metric spaces.
For the distance regular graph, the e-balls, wtih 1 ≤ e < n, are anticodes with
diameter larger than e, and are optimal anticodes with diameter equal to 2e if C
is an e-perfect code. For the weighted coordinates poset metric the diameter of the
e-balls can be equal to e. The weighted coordinates poset metric is a mix of two
extremal cases: the Hamming metric (determined by an anti-chain order and the
Hamming weight on coordinates; a type-Euclidean metric) with the Niederreiter-
Rosenbloom-Tsfasman metric, introduced by Niederreiter in [15] and Rosenbloom
and Tsfasman in [18] (determined by a chain order and the Hamming weight on
coordinates; an ultrametric). For the Hamming metric, the diameter of an e-ball is
large than e. For the Niederreiter-Rosenbloom-Tsfasman metric the diameter of an
e-ball is exactly equal to e.
In this work let us consider the extremal setting of weighted coordinates poset
metrics where the poset is a chain order (Section 4). We will show that the diameter
of an e-ball is equal to e for all e if, and only if, the poset is a chain and the
weight on coordinates is non-archimedian, the case where the weighted coordinates
poset metric is an ultrametric (Section 4.5, Theorem 41). Also we will describe all
optimal anticodes (Section 4.3, Theorem 32 and Theorem 33) and determine for
some instances all diameter perfect codes (Section 4.2, Corollary 22, Corollary 23,
Corollary 24 and Theorem 26; Section 4.4, Theorem 39). In general the inequality
(1) in not true on theses spaces (Section 4.3, Proposition 36), and Theorem 34
(Section 4.3) presents conditions on the weight on coordinates for this to be true. A
variant of Theorem 1 will be shown in Theorem 38 (Section 4.3). The Section 2 is
an introduction on weights and metrics in coding theory used throughout this work.
The Section 3 is an introdution on Delsarte and semi-Delsarte spaces, two variants
of code-anticode method of Delsarte.
2 Weights and Metrics
This section is an introduction on weights and metrics in coding theory used
throughout this work. Some well-known examples are presented and a recent intro-
duced family of metrics and weights is considered. As a complementary reading, see
the book of Michel M. Deza and Elena Deza [7] and the survey of Gabidulin [10].
For the first two definitions R is a ring.
Definition 3 A map d : Rn×Rn → N is a metric on Rn if it satisfies the following
properties:
1. d(a, b) ≥ 0 for all a, b ∈ Rn and d(a, b) = 0 iff a = b;
2. d(a, b) = d(b, a) for all a, b ∈ Rn;
3
3. d(a, b) ≤ d(a, c) + d(c, b) for all a, b, c ∈ Rn (triangle inequality).
Definition 4 A map w : Rn → N is a weight on Rn if it satisfies the following
properties:
1. w(a) ≥ 0 for all a ∈ Rn and w(a) = 0 iff a = 0;
2. w(a) = w(−a) for all a ∈ Rn;
3. w(a+ b) ≤ w(a) + w(b) for all a, b ∈ Rn (triangle inequality).
It is clear that, given a weight w, if we define the map d by d(u, v) := w(u− v),
then d is a metric. We remark that a metric determined by a weight is invariant by
translations, in the sense that d(a + c, b + c) = d(a, b) for all a, b, c ∈ Rn. If d is a
translation-invariant metric, then the map w(u) := d(u, 0) is a weight.
The family of weights and metrics that we are interested in are the ones defined
in the base field and additively extended to vectors. If w is a weight on R, then the
function wn defined by
wn(a1, . . . , an) :=
n∑
i=1
w(ai)
is a weight on Rn induced by w, called additive weight, and the function dwn defined
by
dw
n
(x, y) := wn(x− y),
is a metric over Rn induced by w, called additive metric.
Example 5 (Hamming weight, see [11]) We define the Hamming weight wH
on R by
wH(a) :=
{
0 if a = 0
1 if a 6= 0
.
Example 6 (Lee weight, see [13]) Considering Zm = {0, 1, 2, . . . , m− 1} be the
ring of integers modulo m. The Lee weight of a ∈ Zm is
wL(a) := min{a,m− a}.
Now we present a new family of weights and metrics introduced in [16].
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2.1 Weighted Coordinates Poset Metric Spaces
Let [n] := {1, 2, . . . , n} be a finite set with n elements and ≤P be a partial order
on [n]. We call the pair P = ([n] ,≤P ) a poset. We say that k is smaller than j
if k ≤P j with k 6= j, and write k <P j. An ideal in P = ([n] ,≤P ) is a subset
I ⊆ [n] that contains every element smaller than or equal to some of its elements,
i.e., if j ∈ I and k ≤P j then k ∈ I. Given a subset X ⊂ [n], we denote by 〈X〉 the
smallest ideal containing X, called the ideal generated by X.
Let Fnq be the space of n-tuples over the finite field Fq. Given a poset P =
([n] ,≤P ) and u = (u1, u2, . . . , un) ∈ F
n
q , the support of u is the set
supp (u) := {i ∈ [n] : ui 6= 0} .
The ideal 〈supp (u)〉 of P is denoted by IPu and its set of all maximal elements is
denoted by MPu .
Definition 7 Given a poset P = ([n] ,≤P ) and a weight w on Fq, the (P,w)-weight
of u ∈ Fnq is the non-negative integer
̟(P,w)(u) :=
∑
i∈MPu
w(ui) +
∑
i∈IPu \M
P
u
Mw
where Mw = max{w(α) : α ∈ Fq}. If u, v ∈ F
n
q , then their (P,w)-distance is defined
by
d(P,w) (u, v) := ̟(P,w) (u− v) .
The (P,w)-weight ̟(P,w) and the (P,w)-distance d(P,w) are also called weighted
coordinates poset weight and weighted coordinates poset distance, respectively.
Example 8 Let P be the poset on [6] = {1, 2, 3, 4, 5, 6} represented by the Hasse
diagram in Figure 1. Let u = (3, 0, 0, 2, 3, 0) ∈ Z65. Since I
P
u = {1, 2, 3, 4, 5} and
MPu = {4, 5}, then, in general,
̟(P,w)(u) = w(2) + w(3) + 3 ·Mw.
In particular, ̟(P,wH)(u) = 5 and ̟(P,wL)(u) = 10.
Proposition 9 (See [16, Proposition 7].) The (P,w)-weight is a weight on Fnq .
Therefore the (P,w)-distance is a metric on Fnq .
The (P,w)-distance is a metric on Fnq which combines and extends several classic
metrics of coding theory. When the weight w is the Hamming weight, the (P,w)-
weight is the poset weight wP proposed by Brualdi et al. in [4], i.e.,
̟(P,w)(u) =
∑
i∈MPu
w(ui) +
∑
i∈IPu \M
P
u
Mw =
∑
i∈MPu
1 +
∑
i∈IPu \M
P
u
1 = |IPu | = wP (u),
5
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Figure 1: The poset P and the ideal IPu .
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Figure 2: A diagram of metrics.
and when the weight w is the Lee weight, the (P,w)-weight is the pomset weight
(see [16], Proposition 11). We stress that only over Z2 and Z3 the pomset weight is
a poset weight. When P is the antichain order with n elements, i.e., i ≤P j in P if
and only if i = j, the (P,w)-weight is an additive weight,
̟(P,w)(u) =
∑
i∈MPu
w(ui) +
∑
i∈IPu \M
P
u
Mw =
∑
i∈MPu
w(ui) =
∑
i∈[n]
w(ui) = w
n(u);
we also stress that ̟(P,w) is the Hamming or Lee weight if w is the Hamming or Lee
weight, respectively. The diagram in the Figure 2 illustrates these facts.
We stress that the weighted coordinates poset weight is a function not depending
only of coordinates positions but also of the value (weight) in each coordinate. This
provides a different approach to the one proposed by Hyun, Kim and Park in [12],
where weight is a function only of coordinate positions.
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3 Anticodes and Diameter Perfect Codes
Now we introduce the notions of Delsarte space and semi-Delsarte space, two
variants of code-anticode method of Delsarte and set-antiset method of Deza and
Frankl. This was motivated by the works of Delsarte (see [5]), Deza and Frankl (see
[6]) and Ahlswede, Aydinian and Khachatrian (see [1]).
Let X be a set of finite size. Let (X, d) be a metric space and A ⊆ X. The
diameter of A is the maximum distance occurring between elements of A:
diamd(A) := max{d(x, y) : x, y ∈ A}.
In this case we say that A is an anticode with diameter diamd(A). A code is any
subset C ⊆ X with minimum distance
d(C) := min{d(x, y) : x, y ∈ X, x 6= y}.
Let
A∗d(D) := max{|A| : A ⊆ X and diamd(A) ≤ D}.
An anticode A is called D-optimal if |A| = A∗d(D).
We denote by ⌊D⌋d the largest distance such that ⌊D⌋d < D.
Definition 10 We say that (X, d) is a Delsarte space if for all code C ⊆ X with
minimum distance d(C) = D we have
A∗d(⌊D⌋d) · |C| ≤ |X|. (2)
A code C ⊆ X with minimum distance d(C) = D is called diameter perfect if (2)
holds with equality.
Example 11 Let Aq to be a finite set of cardinality q ≥ 2. The Hamming graph
H(n, q) has vertex set V = Anq and two points of A
n
q are adjacent whenever they differ
in precisely one coordinate. In this case the graph distance dH(n,q) is the additive
Hamming distance dw
n
H . In Figure 3 we illustrate the Hamming graph H(3, 2). The
Hamming graphs are Delsarte spaces: the Hamming graphs are distance regular
graphs and all distance regular graphs are Delsarte spaces (Theorem 1). In H(n, q),
q to be a prime power, there are no diameter perfect codes except for the codes having
the parameters of the Hamming and extended Hamming codes, Golay and extended
Golay codes, MDS codes (see [1]).
Remark 12 Let d be a metric on X and Γd be the graph induced by d: X is the
vertex set and two vertices are adjacent if their distance is equal to 1. The Ham-
ming graph H(n, q) is the graph induced by the additive Hamming metric dw
n
H . The
Hamming graph is the direct product of cliques. In general the induced graph Γd is
not a distance regular graph: Γd is disconnected if d is an ultrametric
2; the balls of
radius equal to 1 are the connected components; Γd is the union of cliques.
2The metric d over X is called ultrametric if d(x, y) ≤ max{d(x, z), d(z, y)} for all x, y, z ∈ X .
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Figure 3: The Hamming graph H(3, 2).
Example 13 Let Γ be the graph illustrated in Figure 4 and dΓ your graph distance.
Taking A = {a, b} and C = {d, e, f, g} we have dΓ(a, b) = 1, dΓ(x, y) = 2 for all
x 6= y ∈ C and |A| · |C| > |X|. Since |A| = A∗dΓ(1) and dΓ(C) = 2, we conclude that
(Γ, dΓ) is not a Delsarte space.
a
b
d
c
g f
e
Figure 4: A no distance regular graph.
Now let V be a linear space of finite size and d a metric on V . Let md :=
min{d(0, x) : x ∈ V, x 6= 0}.
Definition 14 We say that (X, d) is a semi-Delsarte space if for all code C ⊆ X
with minimum distance d(C) = D such that either
• |C| = qk for some k ≥ 0 or
• D = md +R with R a distance,
we have
A∗d(⌊D⌋d) · |C| ≤ |X|. (3)
A code C ⊆ X with minimum distance d(C) = D is called diameter perfect if (3)
holds with equality.
In this work we will show that some weighted coordinates poset spaces (Fnq , d(P,w))
are semi-Delsarte and classify all diameter perfect codes and optimal anticodes on
these spaces. We stress that in general the weighted coordinates poset spaces are
not Delsarte space (see Proposition 36). We start by presenting these spaces and
theirs basic results.
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4 Codes and Anticodes on NRT Spaces
The set [n] with its usual order
1 ≤ 2 ≤ . . . ≤ n
forms a poset with special property that any two elements are comparable: given
i, j ∈ [n] we have that either i ≤ j or j ≤ i. This poset will be called chain order
with length n.
For the chain order P = ([n],≤) we have that max 〈i〉 = {i} and | 〈i〉 | = i for
each i ∈ [n], where max〈i〉 denotes the set of all maximal elements of 〈i〉 according
to P . So, given 0 6= u = (u1, . . . , un) ∈ F
n
q ,
̟(P,w)(u) =
∑
i∈MPu
w(ui) +
∑
i∈IPu \M
P
u
Mw = w(uwP (u)) + (wP (u)− 1)Mw. (4)
The metric space (Fnq , d(P,w)) will be called Niederreiter-Rosenbloom-Tsfasman met-
ric space (or NRT space, for short). Originally, the NRT space was introduced by
Niederreiter in [15] and Rosenbloom and Tsfasman in [18] considering the Hamming
weight wH. This spaces are of special interest since there are several applications,
as noted by Rosenbloom and Tsfasman (see [18]) and Park e Barg (see [17]).
From now on we will away assume that the order P = ([n],≤) is the chain order
and develop several results on codes and anticodes. Also we will omit the index P
and write just dw = d(P,w) and ̟w = ̟(P,w) for the NRT metric and NRT weight,
respectively. Let dP = dwH and wP = ̟wH be the poset metric and the poset weight,
respectively.
A code C with minimum distance dw(C) is a subset of F
n
q , where
dw(C) := min {dw(c, c
′) : c, c′ ∈ C with c 6= c′} .
If C is a linear subspace of Fnq we will say that C is an [n, k]q linear code. If w is
the Hamming weight wH we write dP (C) = dwH(C).
We will denote by Bw(u, r) the metric r-ball with center u and radius r:
Bw(u, r) := {v ∈ F
n
q : dw(u, v) ≤ r}.
Writing r = s+ iMw with 0 ≤ s < Mw, we have that
Bw(u, r) = Bw(u, t+ iMw)
for all s′ ≤ t ≤ s where s′ is the largest integer such that s′ ≤ s and s′ = w(a) for
some a ∈ Fq. From now on we will assume that r = s+ iMw with s = w(a) for some
a ∈ Fq.
If X is a subset of Fnq , the packing radius Rw(X) is the largest positive integer
number r such that any two r-balls centered at distinct elements of X are disjoint.
In [16, Corollary 22] the authors show that
Rw(X) = Mw · (dP (C)− 1). (5)
We say that a code C is perfect if the union of the r-balls, r = Rw(C), centered
at the elements of C covers Fnq .
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4.1 Basic Results on Codes
Given a weight w on Fq, let mw := min{w(α) : 0 6= α ∈ Fq}.
The next lemma ensures that the minimum distance dw(C) is determined by
dP (C).
Proposition 15 Let C be a code on Fnq . Then
dw(C) = Sw,C + (dP (C)− 1)Mw,
where Sw,C := min{w(xdP (C)− ydP (C)) : x, y ∈ C, x 6= y}. Therefore, if C is a linear
code, then
dw(C) = mw + (dP (C)− 1)Mw.
Proof. Write dw(C) = S+R ·Mw with mw ≤ S ≤Mw. This implies that dP (c, c
′) ≥
R+1 for all c, c′ ∈ C. Since dP (c, c
′) ≥ dP (C) for all c, c
′ ∈ C and there are c, c′ ∈ C
such that dP (c, c
′) = dP (C), we conclude that R+1 = dP (C), that is, R = dP (C)−1.
The minimality of dw(C) implies that S = min{w(xdP (C)−ydP (C)) : x, y ∈ C, x 6= y}.
Proposition 16 (Singleton Bound) Let C be a code on Fnq . Then
|C| ≤ qn−M
−1
w ·(dw(C)−Sw,C ). (6)
Proof. Since n−(dw(C)−Sw,C)M
−1
w = n−dP (C)+1, we have that (6) is equivalent
to
|C| ≤ qn−dP (C)+1. (7)
If |C| > qn−dP (C)+1, there are c = (x, y), c′ = (z, y) ∈ C with x, z ∈ F
dP (C)−1
q and
y ∈ F
n−dP (C)+1
q . But this implies that dP (c, c
′) ≤ dP (C)−1, which is a contradiction.
Hence |C| ≤ qn−dP (C)+1. Thus the inequality in (6) is true.
A code C is said to be maximum distance separable (MDS) if its size |C| attains
the Singleton bound. Proceeding with the same argument in the proof of Singleton
bound, we get: if C is an MDS code on Fnq , then
C = {(xy, y) : y ∈ F
n−dP (C)+1
q },
where y 7→ xy is a map from F
n−dP (C)+1
q into F
dP (C)−1
q . We now notice the following:
since |Bw(0, Rw(C))| = q
dP (C)−1 (see (5)),
|C| = qn−dP (C)+1 ⇔ qdP (C)−1 · |C| = qn ⇔ |Bw(0, Rw(C))| · |C| = q
n.
In short:
Theorem 17 In an NRT space, a code C is MDS if, and only if, C is perfect.
Furthermore, if C is MDS (perfect), then
C = {(xy, y) : y ∈ F
n−dP (C)+1
q },
where y 7→ xy is a map from F
n−dP (C)+1
q into F
dP (C)−1
q .
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Given r, s ∈ Z such that 0 ≤ r ≤ s, let
[r, s]w := {t ∈ Z : r ≤ t ≤ s and t = w(a) for some a ∈ Fq}
be the w-interval. We denote by [s]w the set [1, s]w.
Proposition 18 (Size of Ball) Let D = S+R ·Mw be a non-negative integer and
x ∈ Fnq . If S > 0, then
|Bw(x,D)| = q
R · (1 + |w−1([S]w)|)
If S = 0, then
|Bw(x,D)| = q
R.
Proof. See Appendix B.
4.2 Diameter Perfect Codes
We start with a simple proposition on diameter.
Proposition 19 (Diameter) Let A ⊆ Fnq . Then
diamdw(A) = max{w(xi − yi) : x, y ∈ A}+ (i− 1)Mw
where i = diamdP (A). If A is a linear subspace of F
n
q , then
diamdP (A) = max{wP (x) : x ∈ A}.
Proof. See Appendix A.
Since dw(x, y) ≤ D for all x, y ∈ A when diamdw(A) ≤ D, we have
A ⊆ Bw(x,D) (8)
for each x ∈ A. Now as dw is invariant by translations, we get |A| ≤ |Bw(0, D)|.
Therefore,
A∗dw(D) ≤ |Bw(0, D)|. (9)
By Lemma 18 it follows that:
Lemma 20 Let D = S + R ·Mw be a non-negative integer with 0 ≤ S < Mw. If
S > 0, then
A∗dw(D) ≤ q
R · (1 + |w−1([S]w)|). (10)
If S = 0, then
A∗dw(D) ≤ q
R.
Consequently, A∗dw(D) < q
R+1.
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In Section 4.5 we will show that (10) holds with equality if, and only if, the
weigth w is non-archimedian.
Proposition 21 If D = R ·Mw and x ∈ F
n
q , then any of the equivalent properties
below holds:
1. diamdw(Bw(x,D)) = D;
2. Bw(x,D) is D-optimal;
3. Bw(0, D) is an R-dimensional subspace of F
n
q .
Consequently, A∗dw(D) = q
R.
Proof. We have that
Bw(0, D) = {(x1, . . . , xR, 0, . . . , 0) : x1, . . . , xR ∈ Fq}.
Hence Bw(0, D) is an R-dimensional subspace of F
n
q . So x − y ∈ Bw(0, D) for
all x, y ∈ Bw(0, D), and thus diamdw(Bw(0, D)) = D. Since dw is invariant by
translations, diamdw(Bw(x,D)) = D for all x ∈ F
n
q . By Theorem 43 (Appendix D)
and Proposition 18 it follows that item 2 and A∗dw(D) = q
R holds, and hence items
1, 2 and A∗dw(D) = q
R are equivalents.
Now if Bw(0, D) is D-optimal, diamdw(Bw(0, D)) ≤ D, and since D = R ·Mw,
we have that x−λy ∈ Bw(0, D) for all x, y ∈ Bw(0, D) and λ ∈ Fq, that is, Bw(0, D)
is a subspace of Fnq .
Thus the items 1, 2, 3 and A∗dw(D) = q
R holds and are all equivalents.
We denote by ⌊D⌋w the largest weight such that ⌊D⌋w < D.
As ⌊D⌋w = R ·Mw whenever D = mw +R ·Mw, by Proposition 21 it follows that
A∗dw(⌊D⌋w) = q
R. Hence:
Corollary 22 Let C be a code with minimum distance dw(C) = mw +(dP (C)− 1) ·
Mw. Then
A∗dw(⌊dw(C)⌋w) · |C| ≤ q
n
is equivalent to the Singleton bound. Therefore, if C is a code with minimum distance
dw(C) = mw + (dP (C) − 1) ·Mw, then C is diameter perfect if, and only if, C is
MDS.
Since for all linear code C, dw(C) = mw + (dP (C)− 1) ·Mw:
Corollary 23 Let C be a linear code. Then
A∗dw(⌊dw(C)⌋w) · |C| ≤ q
n
is equivalent to the Singleton bound. Therefore, a linear code C is diameter perfect
if, and only if, C is MDS.
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In [16] the authors describe the MDS linear codes on NRT spaces.
Now since dw(C) = dP (C) ·Mw whenever w = λwH for some integer λ > 0:
Corollary 24 Let wH be the Hamming weight on Fq and w = λwH for some integer
λ > 0. Then
A∗dw(⌊dw(C)⌋w) · |C| ≤ q
n
is equivalent to the Singleton bound. Therefore, the NRT space with w = wH is a
Delsarte space, and in this case a code C is diameter perfect if, and only if, C is
MDS.
The MDS codes are describeded in Theorem 17.
In [1] Ahlswede et al. proved that MDS codes in Hamming space are diameter
perfect. This is also our case:
Theorem 25 If C is an MDS code with minimum distance dw(C) = D, then
A∗dw(⌊D⌋w) · |C| = q
n.
Proof. If C is an MDS code with minimum distance dw(C) = D, then D =
mw+(dP (C)−1)Mw. This implies that ⌊D⌋w = (dP (C)−1)Mw, and hence A
∗
dw
(D) =
qdP (C)−1 (see Proposition 21). Since |C| = qn−dP (C)+1, the result follows.
Let C be a code on Fnq such that |C| = q
k for some 0 ≤ k ≤ n. Suppose
dw(C) = S + (dP (C) − 1)Mw with mw ≤ S < Mw be a distance (see Proposition
15). If C is not an MDS code, then |C| ≤ qn−dP (C)+1−i for some integer i ≥ 1, and
since A∗dw(⌊D⌋w) < q
dP (C) (see Lemma 20), we have
A∗dw(⌊D⌋w) · |C| < q
n+1−i ≤ qn.
Now if |C| is an MDS code, then |C| = qn−dP (C)+1 and dw(C) = mw+(dP (C)−1)Mw.
Putting D = dw(C), by Proposition 21, A
∗
dw
(⌊D⌋w) = q
dP (C)−1. Thus
A∗dw(⌊D⌋w) · |C| = q
n.
In short:
Theorem 26 Let C be a code on Fnq such that |C| = q
k for some 0 ≤ k ≤ n. Then
A∗dw(⌊D⌋w) · |C| ≤ q
n. (11)
Furthermore, a code C of size power of q is diameter perfect if, and only if, C is
MDS.
As we shall see in Theorem 32 and Theorem 33, not always the inequality (11)
is equivalent to the Singleton bound.
From Corollary 22 and Theorem 26, it follows that:
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Theorem 27 The NRT space (Fnq , dw) is a semi-Delsarte space.
Remark 28 It is possible to show that A∗dw(D) · |C| ≤ q
n without the use of the
Singleton bound when C is a linear code: if C is an [n, k]q linear code, by Proposition
15, dw(C) = mw+Mw ·(dP (C)−1), and hence D = dw(C)−mw = Mw ·(dP (C)−1);
by Proposition 21, Bw(0, D) is a linear subspace of F
n
q and |Bw(0, D)| = A
∗
dw
(D); by
Theorem 38, we get that A∗dw(D) · |C| ≤ q
n.
Remark 29 It is also possible to show that A∗dw(D) · |C| ≤ q
n without the use of
the Proposition 21 when C is a linear code: since dw(C) = mw + (dP (C)− 1) ·Mw
(Proposition 15), by Lemma 20
A∗dw(D) ≤ q
dP (C)−1;
since |C| ≤ qn−dP (C)+1 (see Lemma 16), it follows that A∗dw(⌊D⌋w) · |C| ≤ q
n.
Let O(D) be the set of all D-optimal anticodes in (Fnq , dw). By (8) and Propo-
sition 21:
Corollary 30 Let D = R ·Mw. Then A is a D-optimal anticode if, and only if, A
is a affine subspace x+Bw(0, D) for some x ∈ F
n
q . In other words,
O(D) = Fnq/Bw(0, D),
the quotient space of Fnq and Bw(0, D). Therefore, there are q
n−R distinct D-optimal
anticodes in Fnq , the cosets in quotient space F
n
q /Bw(0, D).
For the additive Hamming metric dw
n
H there are optimal anticodes that are not
balls: A = {000, 100, 010, 110} is a 2-optimal anticode on (F32, d
wnH).
4.3 Optimal Anticodes
In this section we determine all the optimal anticodes. The idea is to partition the
w-interval [0,Mw]w in “non-archimedian” and “not aways non-archimedian” elements.
We say that a weight w on Fnq is non-archimedian if
w(x+ y) ≤ max{w(x), w(y)}
for all x, y ∈ Fnq . Otherwise, we will say that the weight is archimedian.
Example 31 The Lee weight wL on Zm is archimedian if m ≥ 4: for x = y = 1,
wL(x+ y) > max{w(x), w(y)}.
The Hamming weight wH on Zm is non-archimedian.
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Given an archimedian weight w on Fq, let mw ≤ Sw < Mw be the integer
Sw := min{max{w(a), w(b)} : a, b ∈ Fq and w(a− b) > max{w(a), w(b)}}.
If w is non-archimedian, we define Sw := Mw. Notice that Sw > 0 for all weight.
Theorem 32 Let (Fnq , dw) be the NRT space and D be a non-negative integer. Write
D = S +R ·Mw with 0 ≤ S < Mw. If 0 ≤ S < Sw, then:
1. diamdw(Bw(x,D)) = D;
2. Bw(x,D) is D-optimal for all x ∈ F
n
q ;
3. If A is D-optimal, then A = Bw(x,D) for some x ∈ F
n
q ;
4. Bw(0, D) is an R-dimensional subspace of F
n
q if, and only if, S = 0.
Consequently:
5. If S = 0, then A∗dw(D) = q
R;
6. If S 6= 0, then A∗dw(D) = q
R · (1 + |w−1([S]w)|).
Proof. Since w(a− b) ≤ max{w(a), w(b)} if max{w(a), w(b)} ≤ Sw − 1, a, b ∈ Fq,
and since S < Sw, it follows that dw(x, y) ≤ D for all x, y ∈ Bw(0, D). Hence
diamdw(Bw(0, D)) ≤ D. For x ∈ F
n
q such that wP (x) = R + 1 and w(xR+1) = S we
have dw(0, x) = D. Thus diamdw(Bw(0, D)) = D. As dw is invariant by translations,
we get that
diamdw(Bw(x,D)) = D
for all x ∈ Fnq . From this and Theorem 43 (see Appendix D), together with Propo-
sition 18, we get the items 2, 3, 5 and 6.
The Proposition 21 insure that Bw(0, D) is an R-dimensional subspace if S = 0.
Note that if Sw = mw, then S = 0. Assume now mw ≤ S < Sw. Put x =
(x1, . . . , xR−1, a, 0, . . . , 0). If Bw(0, D) is a linear subspace, then w(λa) ≤ S for all
λ ∈ Fq and for all a ∈ Fq such that w(a) ≤ S. Since S < Mw there is b ∈ Fq such
that w(b) > S. Putting λ = ba−1, we have w(b) = w(λa) ≤ S, a contradiction.
Thus, if Bw(0, D) is a linear subspace of F
n
q , S = 0.
Now let Ww(r1, s1; r2, s2; t) be a subset of Fq of maximal size such that:
1. if a ∈ Ww(r1, s1; r2, s2; t), then r1 ≤ w(a) ≤ s1;
2. if a ∈ Ww(r1, s1; r2, s2; t) and r2 ≤ w(b) ≤ s2, then w(a− b) ≤ t;
3. if a, b ∈ Ww(r1, s1; r2, s2; t), then w(a− b) ≤ t.
Putting Ww(r, s; t) := Ww(r, s; r, s; t), we have that Ww(1, S;Mw) = w
−1([S]w).
LetWw(r1, s1; r2, s2; t) be the set of all subsetsWw(r1, s1; r2, s2; t). Given integers
non-negative R and S and K ∈ Ww(Sw, S; 0, Sw − 1;S), let
Yw,R,S(K) := {x ∈ F
n
q : wP (x) = R + 1 and xR+1 ∈ K}.
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Theorem 33 Let (Fnq , dw) be the NRT space and D be a non-negative integer. Write
D = S +R ·Mw with 0 ≤ S < Mw and let D
′ = ⌊Sw⌋w +R ·Mw. If S ≥ Sw, then:
1. D′ ≤ diamdw((x + Yw,R,S(K)) ∪ Bw(x,D
′)) ≤ D for all x ∈ Fnq and for all
K ∈ Ww(Sw, S; 0, Sw − 1;S);
2. (x + Yw,R,S(K)) ∪ Bw(x,D
′) is D-optimal for all x ∈ Fnq and for all K ∈
Ww(Sw, S; 0, Sw − 1;S);
3. If A is D-optimal, then A = (x+ Yw,R,S(K))∪Bw(x,D
′) for some x ∈ Fnq and
K ∈ Ww(Sw, S; 0, Sw − 1;S).
Consequently,
A∗dw(D) = q
R · (1 + |Ww(1, S;Mw)|+ |Ww(Sw, S; 0, Sw − 1;S)|).
Proof. Let K ∈ Ww(Sw, S; 0, Sw − 1;S). If x, y ∈ Yw,R,S(K), then ̟w(x) ≤
D, ̟w(y) ≤ D and dw(x, y) ≤ D. This implies that Yw,R,S ⊆ Bw(0, D) and
diamdw(Yw,R,S) ≤ D.
Putting
Xw,R,S(K) = Yw,R,S(K) ∪ Bw(0, D
′)
(see Figure 5), we can see that diamdw(Xw,R,S(K)) ≤ D, and since diamdw(Bw(0, D
′)) =
D′, it follows that D′ ≤ diamdw(Xw,R,S(K)) ≤ D.
0
D′
D
D˜
Figure 5: The set Xw,R,S(K), where D˜ = Sw +R ·Mw.
We claim now that if diamdw(A) ≤ D, then A ⊆ x+Xw,R,S(K) for some x ∈ F
n
q
and K ∈ Ww(Sw, S; 0, Sw − 1;S). Let Aa = (−a) + A for some a ∈ A. We have
0 ∈ Aa and diamdw(Aa) = diamdw(A). Since Aa ⊆ Bw(0, D), ̟w(x) ≤ D for all
x ∈ Aa:
• if wP (x) < R + 1, then x ∈ Bw(0, D
′);
• if wP (x) = R + 1 and w(xR+1) < Sw, then x ∈ Bw(0, D
′);
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• if wP (x) = R + 1 and Sw ≤ w(xR+1) ≤ S, since dw(x, y) ≤ D for all y ∈ Aa
such that wP (y) = R + 1, then w(xR+1 − b) ≤ S for all b ∈ Fq such that
b = yR+1 for some y ∈ Aa.
Hence Aa ⊆ Xw,R,S(K) for some K ∈ Ww(Sw, S; 0, Sw − 1;S), that is, A ⊆ x +
Xw,R,S(K) with x = a. Since diamdw(x+Xw,R,S(K)) ≤ D, it follows that A
∗
dw
(D) =
|Xw,R,S(K)|. As Yw,R,S(K) ∩ Bw(0, D
′) = ∅, we conclude that
A∗dw(D) = q
R · (1 + |Ww(1, S;Mw)|+ |Ww(Sw, S; 0, Sw − 1;S)|),
and the desire result follows.
Let Ww(t; r, s) be a subset of Fq of maximal size such that:
1. if a ∈ Ww(t; r, s), then r ≤ w(a) ≤ s;
2. if a, b ∈ Ww(t; r, s), then w(a− b) ≥ t.
Given a weight S such that mw < S < Mw, let
C = {(0, . . . , 0, cR, cR+1, . . . , cn) : cR+1, . . . , cn ∈ Fq, cR ∈ Ww(S;S,Mw)}.
We have that C is a code in Fnq with minimum distance dw(C) = S + (R − 1)Mw
and size qn−R · |Ww(S;S,Mw)|. By Theorem 32, putting D = dw(C) and suppose
S ≤ Sw, it follows that A
∗
dw
(⌊D⌋w) = q
R−1 · (1 + |w−1([⌊S⌋w]w)|). Hence,
A∗dw(⌊D⌋w) · |C| ≤ q
n
if, and only if, (
1 + |w−1([⌊S⌋w]w)|
)
· |Ww(S;S,Mw)| ≤ q.
Supposing now S > Sw, by Theorem 33,
A∗dw(⌊D⌋w) = q
R−1 · (1 + |Ww(1, ⌊S⌋w;Mw)|+ |Ww(Sw, ⌊S⌋w; 0, Sw − 1; ⌊S⌋w)|),
and hence,
A∗dw(⌊D⌋w) · |C| ≤ q
n
if, and only if,
(1 + |Ww(1, ⌊S⌋w;Mw)|+ |Ww(Sw, ⌊S⌋w; 0, Sw − 1; ⌊S⌋w)|) · |Ww(S;S,Mw)| ≤ q.
The case S = mw is equivalent to the Singleton bound (Corollary 22). In short:
Theorem 34 The NRT space is Delsarte if, and only if,(
1 + |w−1([⌊S⌋w]w)|
)
· |Ww(S;S,Mw)| ≤ q (12)
for all mw < S ≤ Sw and
(1 + |Ww(1, ⌊S⌋w;Mw)|+ |Ww(Sw, ⌊S⌋w; 0, Sw − 1; ⌊S⌋w)|) ·
· |Ww(S;S,Mw)| ≤ q (13)
for all Sw < S < Mw. Therefore, a code C with minimum distance dw(C) =
S +R ·Mw such that Sw < S < Mw is diameter perfect if, and only if, (12) or (13)
holds with equality.
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If w is non-archimedian, then Sw = Mw. Therefore:
Corollary 35 The NRT space (Fnq , dw) with dw ultrametric is a Delsarte space if,
and only if, (
1 + |w−1([⌊S⌋w]w)|
)
· |Ww(S;S,Mw)| ≤ q (14)
for all S > mw. Therefore, a code C with minimum distance dw(C) = S + R ·Mw
such that S > mw is diameter perfect if, and only if, (14) holds with equality.
There are NRT spaces that are not Delsarte:
Proposition 36 Let p ≥ 5 be a prime number and w = wL be the Lee weight on
Zp. The NRT space (Z
n
p , dwL) is not Delsarte.
Proof. The case p = 5 follows from Corollary 22.
Let p ≥ 7 be a prime number. For the Lee weight wL on Zp we have MwL =
⌊
p
2
⌋
,
and since
wL((p− 1)− 1) > max{wL(p− 1), wL(1)} = 1,
we have SwL = 1. Hence, for S = 2,
WwL(1, ⌊S⌋wL;MwL) = WwL(1, 1;
⌊p
2
⌋
) = {1, p− 1},
WwL(SwL, ⌊S⌋wL; 0, SwL − 1; ⌊S⌋wL) = WwL(1, 1; 0, 0; 1) = {1} or {p− 1}
and
WwL(S;S,MwL) = WwL(2; 2,
⌊p
2
⌋
) = {2, 4, . . . , p− 3} or {3, 5, . . . , p− 2}.
This implies that (13) is not true and the claim follows.
Remark 37 If p = 2 or 3, then the Lee weight wL on Zp is the Hamming weight
wH . Hence, from Corollary 24, (Z
n
2 , dwL) and (Z
n
3 , dwL) are Delsarte spaces.
Let U be a linear subspace of Fnq . If i = dw(u, v) with u, v ∈ U , then i = ̟w(z)
for some z ∈ U (take z = u− v).
Now we present a variant to the Delsarte’s Theorem (Theorem 1).
Theorem 38 Let (Fnq , dw) be the NRT space. If U and V are linear subspaces
of (Fnq , dw) such that nonzero distance occuring between vectors in U do not occur
between vectors of V , then
|U | · |V | ≤ qn.
Proof. Let DU = {d1, . . . , dr} and DV = {dr+1, . . . , ds}, s > r, be the disjoint sets
of nonzero distance occuring between vectors in U and nonzero distance occuring
between vectors of V , respectively. Since U and V are linear subspaces, DU and DV
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are the sets of nonzero weights of vectors in U and nonzero weights of vectors in V ,
respectively. Assume that d1 < . . . < dr and dr+1 < . . . < ds. We have that either
di = Si +R ·Mw and di+1 = Si+1 +R ·Mw
with Si < Si+1, or
di = S +Ri ·Mw and di+1 = S
′ +Ri+1 ·Mw
with Ri < Ri+1. Since U and V are linear subspaces, if di = S+R ·Mw is a distance
of U (or V ), then S ′ +R ·Mw is a distance of U (or V ) for all S
′ ∈ [Mw]w. But this
implies r = (q − 1)m and s − r = (q − 1)m′ for some integers m and m′ such that
m+m′ ≤ n. By [16, Theorem 28], it follows that U is equivalent to the subspace
U ′ = UR1 ⊕ . . .⊕ URm ,
where dim(Ui) = 1 for all i, supp(Ui) = Ri and R1 < . . . < Rm, and V is equivalent
to the subspace
V ′ = VRm+1 ⊕ . . .⊕ VRm+m′ ,
where dim(Vi) = 1 for all i, supp(Vi) = Ri and Rm+1 < . . . < Rm+m′ . Now note
that DU and DV are the sets of nonzero distance occuring in U
′ and V ′, respectively.
Since DU ∩DV = ∅, also {R1, . . . , Rm} ∩ {Rm+1, . . . , Rm+m′} = ∅. Therefore
|U | · |V | = |U ′| · |V ′| = qm · qm
′
≤ qn,
and the result follows.
4.4 Diameter Perfect Codes on Fnq with q Prime
Now let us suppose that q = p is a prime number. If C ⊆ Znp is a code with
dw(C) = S + (dP (C)− 1) ·Mw such that mw < S ≤ Sw, and
A∗dw(⌊dw(C)⌋w) · |C| = p
n, (15)
by Theorem 32, (15) is equivalent to
pdP (C)−1 · l · |C| = pn, (16)
where l = 1 + |w−1([⌊S⌋w]w)|. As ⌊S⌋w < Mw, is not possible l = p. Also is not
possible l > 1: since p is a prime number and l < p, by (16) we must have p dividing
|C|; hence |C| = r · ps with gdc(p, r) = 1; if s < n− dP (C)+ 1, then we must have p
dividing l · r, which is not possible; thus s = n− dP (C) + 1 and l = 1. Therefore, C
is an MDS code. From Corollary 22, if S = mw and (15) holds, then C is an MDS
code.
Hence, if Sw,C is the weight such that dw(C) = Sw,C + (dP (C) − 1) ·Mw and
p ≥ 2 is a prime number, then:
Theorem 39 In (Znp , dw) the only diameter perfect codes C with Sw,C ≤ Sw are the
MDS codes.
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4.5 Non-Archimedian Weights and Ultrametrics
We say that a metric d on Fnq is an ultrametric if
d(x, y) ≤ max{d(x, z), d(z, y)}
for all x, y, z ∈ Fnq .
Proposition 40 The NRT metric dw is an ultrametric if, and only if, w is a non-
archimedian weight on Fq.
Proof. See Appendix C.
Let d be a weighted coordinates poset metric (see Section 2.1). We know that
if d is the NRT metric with w non-archimedian, then diamd(Bd(x,D)) = D for
all x ∈ Fnq and for all D (Theorem 32 with Sw = Mw). Now we will show that
diamd(Bd(x,D)) = D for all x ∈ F
n
q and for all D only if d is the NRT metric with
w non-archimedian.
Theorem 41 Let d be a weighted coordinates poset metric. Then
diamd(Bd(x,D)) = D
for all x ∈ Fnq and for all D if, and only if, d is the NRT metric dw and d is an
ultrametric.
Proof. Suppose that dw is an ultrametric. By Proposition 40, w is non-archimedian.
This implies that Sw = Mw. The “if” part follows from Theorem 32 with Sw = Mw.
Let us suppose now that P = ([n],≤P ) is not a chain order. Then there are i, j ∈
[n] not comparables on P . Put x, y ∈ Fnq with supp(x) = {i} and supp(y) = {j}
such that w(xi) = w(yj), assuming that S = ̟w(x) ≤ ̟w(y) = R, we will have that
x, y ∈ Bw(0, R) and dw(x, y) = ̟w(x − y) > R, which implies diamdw(Bw(0, R)) >
R. This shows that P is a chain order.
Suppose now that P is the chain order and dw is not an ultrametric. By Propo-
sition 40, w is archimedian, that is, there are a, b ∈ Fq such that
w(a− b) > max{w(a), w(b)}.
Let x, y ∈ Fnq such that supp(x) = supp(y) = {R + 1} with xR+1 = a and yR+1 = b.
If S = max{w(a), w(b)}, then
̟w(x) = w(a) +R ·Mw ≤ S +R ·Mw
and
̟w(y) = w(b) +R ·Mw ≤ S +R ·Mw.
20
Hence x, y ∈ Bw(0, D) with D = S +R ·Mw. But
dw(x, y) = ̟w(x− y)
= w(a− b) +R ·Mw
> S +R ·Mw
= D.
This show that diamdw(Bw(0, D)) > D, and the “only if” part follows.
From Theorem 41, together with Theorem 43 (Appendix D) and Proposition 18,
it follows that:
Corollary 42 Let (Fnq , dw) be the NRT space andD be a non-negative integer. Write
D = S + R ·Mw with 0 ≤ S < Mw. Then dw is an ultrametric if, and only if, any
of the equivalent properties below holds:
1. diamdw(Bw(x,D)) = D for all x ∈ F
n
q ;
2. Bw(x,D) is D-optimal for all x ∈ F
n
q ;
3. If A is D-optimal, then A = Bw(x,D) for some x ∈ F
n
q ;
4. A∗dw(D) = q
R if S = 0 and A∗dw(D) = q
R · (1 + |w−1([S]w)|) if S 6= 0.
A Proof of Proposition 18
Proof. Since dw is invariant by translations, we have that
|Bw(x,D)| = |Bw(0, D)|
for all x ∈ Fnq and D ≥ 0. Given x ∈ F
n
q such that either wP (x) = R + 1 and
w(xR+1) > S or wP (x) > R + 1,
̟w(x) = w(xwP (x)) + (wP (x)− 1) ·Mw > D,
that is, x /∈ Bw(0, D). Now for each x ∈ F
n
q such that either wP (x) = R + 1 and
w(xR+1) ≤ S or wP (x) < R + 1 we have that
̟w(x) = w(xwP (x)) + (wP (x)− 1) ·Mw ≤ D.
Hence x ∈ Bw(0, D) if and only if either wP (x) = R + 1 and w(xR+1) ≤ S or
wP (x) < R + 1. Thus
|Bw(0, D)| = q
R · |w−1([S]w)|+ q
R,
and the desire result follows.
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B Proof of Proposition 19
Proof. From (4) we have
diamdw(X) = max{w(xwP (x−y) − ywP (x−y)) + (wP (x− y)− 1)Mw : x, y ∈ A}.
Now note that
max{w(xwP (x−y) − ywP (x−y)) + (wP (x− y)− 1)Mw : x, y ∈ A}
= max{w(xi − yi) : x, y ∈ A}+ (i− 1)Mw,
where i = max{wP (x− y) : x, y ∈ A}, and since
max{wP (x− y) : x, y ∈ A} = max{dP (x, y) : x, y ∈ A} = diamdP (A),
the result follows. The second statement is obvious.
C Proof of Proposition 40
Proof. If dw is an ultrametric and there are x, y ∈ Fq such that w(x + y) >
max{w(x), w(y)}, taking u, v ∈ Fnq with supp(u) = supp(v) = {i} with ui = x and
vi = −y, we have that
dw(u, v) = ̟w(u− v)
= w(ui − vi) + (i− 1)Mw
> max{w(x), w(y)}+ (i− 1)Mw
= max{w(x) + (i− 1)Mw, w(y) + (i− 1)Mw}
= max{̟w(u), ̟w(v)}
= max{dw(u, 0), dw(0, v)},
a contradiction. Thus w is a non-archimedian weight.
Suppose now that w is a non-archimedian weight. We claim that ̟w is a non-
archimedian weight on Fnq : if x, y ∈ F
n
q and i = max{j : xj + yj 6= 0}, then
̟w(x+ y) = w(xi + yi) + (i− 1)Mw
≤ max{w(xi), w(yi)}+ (i− 1)Mw
= max{w(xi) + (i− 1)Mw, w(yi) + (i− 1)Mw}
≤ max{̟w(x), ̟w(y)}.
Hence
dw(x, y) = ̟w(x− z − y + z)
≤ max{̟w(x− z), ̟w(z − y)}
= max{dw(x, z), dw(z, y)}
for all x, y ∈ Fnq . Thus dw is an ultrametric.
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Theorem 43 Let d be a metric on Fnq invariant by translation and D = d(0, x) for
some x ∈ Fnq . Then the properties below are equivalents:
1. diamd(Bd(x,D)) = D for all x ∈ F
n
q ;
2. Bd(x,D) is D-optimal for all x ∈ F
n
q ;
3. If A is D-optimal, then A = Bd(x,D) for some x ∈ F
n
q ;
4. A∗d(D) = |Bd(0, D)|.
Proof. (1) ⇒ (2): Let us suppose that diamd(Bd(x,D)) = D for all x ∈ F
n
q . Since
A ⊆ Bd(x,D) for all x ∈ A whenever diamd(A) ≤ D, we get that |Bd(x,D)| =
A∗d(D) for all x ∈ F
n
q .. Hence Bd(x,D) is D-optimal for all x ∈ F
n
q .
(2) ⇒ (3): Now suppose that Bd(x,D) is D-optimal for all x ∈ F
n
q and let A be
an anticode such that |A| = A∗d(D), that is, A is D-optimal. Since A ⊆ Bd(x,D)
for all x ∈ A and |Bd(x,D)| = A
∗
d(D), then |A| = |Bd(x,D)| for all x ∈ A. Thus
A = Bd(x,D) for all x ∈ A.
(3) ⇒ (4): Suppose that A is D-optimal and A = Bd(x,D) for some x ∈ F
n
q .
Then A∗d(D) = |A| = |Bd(x,D)|. Since d is invariant by translations, |Bd(x,D)| =
|Bd(0, D)|. Thus A
∗
d(D) = |Bd(0, D)|.
(4) ⇒ (1): Let us suppose that A∗d(D) = |Bd(0, D)|. So, if A is D-optimal, then
|A| = |Bd(0, D)|. Since A ⊆ Bd(x,D) for all x ∈ A and d is invariant by translation,
|A| = |Bd(0, D)| = |Bd(x,D)| for all x ∈ A, and hence A = Bd(x,D) for all x ∈ A.
This implies that Bd(x,D) is D-optimal. Therefore diamd(Bd(x,D)) ≤ D. As
D = d(0, y) for some y ∈ Fnq and d is invariant by translation, D = d(x, x + y),
which implies that diamd(Bd(x,D)) = D for all x ∈ A. Thus diamd(Bd(x,D)) = D
for all x ∈ Fnq .
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